Abstract. We present a new geometric proof of Stanley's monotonicity theorem for lattice polytopes, using an interpretation of δ-polynomials of lattice polytopes in terms of orbifold Chow rings.
Introduction
Let P be a d-dimensional lattice polytope in a lattice N of rank n. That is, P is the convex hull of finitely many points in N ∼ = Z n . If m is a positive integer, then let f P (m) := # (mP ∩ N ) denote the number of lattice points in the m'th dilate of P . A famous theorem of Ehrhart [6] asserts that f P (m) is a polynomial in m of degree d, called the Ehrhart polynomial of P . The generating series of f P (m) can be written in the form
where δ P (t) = δ 0 + δ 1 t + · · · + δ d t d is a polynomial of degree at most d with integer coefficients, called the δ-polynomial of P . Using techniques from commutative algebra, Stanley proved that the coefficients δ i are non-negative [12] and proved that δ-polynomials of lattice polytopes satisfy the following monotonicity property [13, Theorem 3.3 ]. An alternative combinatorial proof of these results was given by Beck and Sottile in [2] . If f (t) = i f i t i and g(t) = i g i t i are polynomials with integer coefficients, then we write
We now present a new geometric proof of Stanley's theorem. We first recall the following geometric interpretation of δ-polynomials of lattice polytopes. After replacing N with its intersection with the affine span of P , we may assume that N has rank d. Let T be a regular, lattice triangulation of P and let σ denote the cone over P × {1} in N R × R, where N R = N ⊗ Z R. The triangulation T induces a simplicial fan refinement △ of σ, with cones given by the cones over the faces of T , and we may consider the (d + 1)-dimensional, simplicial toric variety Y = Y (△) associated to △. The toric variety Y is semi-projective in the sense that it contains a torus-fixed point and is projective over its affinisation Y (σ) [8] . The cohomology ring H * (X, Q) of a semi-projective, simplicial toric variety X was computed by Hausel and Sturmfels in [8] , and it was observed by Jiang and Tseng [9, The author would like to thank Professor Jiang and Professor Stanley for very useful emails. Chen and Smith introduced the notion of a toric stack in [4] and showed that any simplicial, semiprojective toric variety X has the canonical structure of a Deligne-Mumford stack. The orbifold Chow ring A * orb (X, Q) of X is a Q-graded Q-algebra and was computed by Jiang and Tseng in [9] , generalising results in [4] (1)
If Q is a lattice polytope contained in P , then let N ′ denote the intersection of N with the affine span of Q and let σ ′ denote the cone over
One verifies that we may choose a regular, lattice triangulation T of P which restricts to a regular, lattice triangulation of Q. In this case, the fan △ refining σ restricts to a fan Σ refining σ ′ and we may consider the semi-projective
and a restriction map between the corresponding orbifold Chow rings. We will prove the following lemma in Section 2.
, and we conclude that δ Q (t) ≤ δ P (t), as desired.
Remark 1.3. If we regard the empty face as a face of the triangulation T of dimension −1, then the h-vector of T is defined by
where the sum ranges over all faces F in T . It is a well known fact that 0 ≤ h T (t) ≤ δ P (t) and h T (t) = δ P (t) if and only if T is a unimodular triangulation [3, 11] . We have the following geometric interpretation of this result. All varieties and stacks will be over the complex numbers. In Section 2, we will review orbifold Chow rings and prove Lemma 1.2.
Orbifold Chow Rings
The orbifold Chow ring A * orb (X , Q) of a Deligne-Mumford stack X was introduced by Abramovich, Graber and Vistoli as the degree 0 piece of the small quantum cohomology ring of X [1] . We will review the structure of A * orb (X , Q) as a Q-graded vector space and refer the reader to [1] for the relevant details and the description of the ring structure of A * orb (X , Q). The inertia stack IX of X is a Deligne-Mumford stack whose objects consist of pairs (x, α), where x is an object of X and α is an automorphism of x. If X 1 , . . . , X r denote the connected components of IX , then
where |X j | is the coarse moduli space of X j , s j ∈ Q is the age of X j and [s j ] denotes a grading shift by s j . If we identify X as the connected component of IX whose objects consist of pairs (x, id), where x is an object of X and id is the identity automorphism of x, then the age of X is 0 and Recall that if Q is a lattice polytope contained in P , then N ′ is the intersection of N with the affine span of Q and the fan △ restricts to a fan Σ refining the cone σ
If Y ′ denotes the canonical Deligne-Mumford stack with coarse moduli space 
is surjective since if W ′ is an irreducible closed subvariety of V (F ) ′ and W denotes the closure
where for each F ∈ T and w ∈ BOX(F ) ∩ (N × Z), ι restricts to ν F (with a grading shift) on 
